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Abstract 


Physicists have argued that periodic orbit bunching leads to universal spectral fluctuations for 
chaotic quantum systems. To establish a more detailed mathematical understanding of this fact, it 


is first necessary to look more closely at the classical side of the problem and determine orbit pairs 


consisting of orbits which have similar actions. We specialize to the geodesic flow on compact 
factors of the hyperbolic plane as a classical chaotic system. The companion paper (Huynh and 
Kunze, 2015) proved the existence of a unique periodic partner orbit for a given periodic orbit with 
a small-angle self-crossing in configuration space that is a 2-encounter and derived an estimate 
for the action difference of the orbit pair. In this paper, we provide an inductive argument to 
deal with higher-order encounters: we prove that a given periodic orbit including an L-parallel 
encounter has (L — 1)! — 1 partner orbits; we construct partner orbits and give estimates for the 
action differences between orbit pairs. 

Keywords: geodesic flow, periodic solution, partner orbit, higher-order encounter 

1 Introduction 

In the semi-classical limit chaotic quantum systems very often exhibit universal behavior, in the sense 
that several of their characteristic quantities agree with the respective quantities found for certain 
ensembles of random matrices. Via trace formulas, such quantities can be illustrated as suitable sums 
over the periodic orbits of the underlying classical dynamical system. For instance, the two-point 
correlator function is expressed by a double sum over periodic orbits 



( 1 . 1 ) 


1 



where (■) abbreviates the average over the energy and over a small time window, Th denotes the 
Heisenberg time and A^, S^, and Tj are the amplitude, the action, and the period of the orbit 7, 
respectively. 

The diagonal approximation 7 = 7' to (11.11) studied by Hannay/Ozorio de Almeida ||9l and Berry 
lf3l in the 1980’s contributes to the first order 2r to (11.11) : see also Ifldll . To next orders, as —)■ 0, the 
main term from (11.11) arises owing to those orbit pairs 7 7^ 7' for which the action difference S^ — Sy is 
‘small’. This was first considered by Sieber and Richter ll20ll2T]| . who predicted that a given periodic 
orbit with a small-angle self-crossing in configuration space will admit a partner orbit with almost 
the same action. The original orbit and its partner are called a Sieber-Richter pair. In phase space, 
a Sieber-Richter pair contains a region where two stretches of each orbit are almost mutually time- 
reversed and one addresses this region as a 2-encounter or, more strictly, a 2-antiparallel encounter, 
the ‘2’ stands for two orbit stretches which are close in configuration space, and ‘antiparalleT means 
that the two stretches have opposite directions (see Figure [I])- It was shown in [|2T]| that Sieber-Richter 
pairs contribute to the spectral form factor (11.11) the second order term — 2r^, and it turned out that the 
result agreed with what is obtained using random matrix theory for certain symmetry classes. 



Figure 1: Example of a Sieber-Richter pair 

This discovery prompted an increased research activity on the subject matter in the following 
years and finally led to an expansion 

K{t) = 2t — t ln(l -f 2r) = 2r — 2r^ -I- 2r^ -f ... 

for the orthogonal ensemble (the symmetry class relevant for time-reversal invariant systems) to all 
orders in r, by including the higher-order encounters also; see |[IOllI3[I71[ISl, and in addition If^fTSlI. 
which provide much more background and many further references. 

To establish a more detailed mathematical understanding, we start on the classical side and try 
to prove the existence of partner orbits and derive good estimates for the action differences of the 
orbit pairs. For 2-encounters this was done in the previous work ifT^ . where we considered the 
geodesic flow on compact factors of the hyperbolic plane; in this case the action of a periodic orbit is 
proportional to its length. It was shown in IfT^ that a T-periodic orbit of the geodesic flow crossing 
itself in configuration space at a time Ti has a unique partner orbit that remains 9| sin(0/2) |-close to 
the original one and the action difference between them is approximately equal ln(l — (1 -f ) (1 + 

g-(T-Ti)^ sin^(0/2))) with the estimated error 12 sin^(0/2)e“^, where 0 is the crossing angle (see 
Figure [B, and this proved the accuracy of Sieber/Richter’s prediction in ETl mentioned above. In 
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this paper, we eontinue eonsidering this hyperbolie dynamical system to deal with the technically 
more involved higher-order encounters. 

In the physics community this system is often called the Hadamard-Gutzwiller model, and it has 
frequently been studied [I51[l0l[I^; further related work includes [[8l|T^|23. For instance, Heusler et 
al. [IT^ identified the term 2r^ and it was shown that there are 5 families of orbit pairs contributing 
to 2r^: 3 families of orbits with two single 2-encounters and 2 families of orbits with 3-encounters. 
In that way one obtains whole bunches of periodic orbits with controlled and small mutually action 
difference. Generalizing these ideas, in ifTTl [T8]| the expansion of K{t) to all orders in r could 
be derived. Here a key point was to consider encounters where more than two orbit stretches are 
involved; see also (SKTSlI^. We speak of an L-encounter when L stretches of a periodic orbit are 
mutually close to each other up to time reversal. For a precise definition one may pick one of L 
encounter stretches as a reference and demand that none of the L — 1 companions be further away 
than some small distance; see nil. In other words, all the L stretches must intersect a small Poincare 
section. The orbit enters the encounter region through entrance ports and leaves it through exit ports. 
Using hyperbolicity, one can switch connections between entrance ports and exit ports to get new 
orbits which still remain close to the original one; and they are called partner orbits. However, not all 
the connections give genuine periodic orbits since some of them decompose to several shorter orbits 
(called pseudo-orbits; see Muller et al. [[T^ used combinatorics to count the number of partner 
orbits and provided an approximation for the action difference, but a construction of partner orbits and 
an error bound of the approximation have not been derived. Furthermore, it is necessary to arrive a 
mathematical definition for ‘encounters’, ‘partner orbits’, and to introduce the notions of ‘beginning’, 
‘end’, and ‘duration’ of an encounter. 

The paper is organized as follows. In Section 2, after giving some background material, we 
introduce another version of Poincare sections and a respective version of the Anosov closing lemma. 
In the case that the space is compact, a Poincare section with small radius can be identified with a 
square, so every point in a Poincare section can be represented by a unique couple (m, s) G called 
unstable and stable coordinates. In addition, we provide a ‘connecting lemma’ to connect 2 orbits in 
a pseudo-orbit. In this way, one can construct a genuine periodic orbit close to a given pseudo-orbit. 
In Section 3, after providing mathematically rigorous definitions of ‘encounters’, ‘partner orbits’, 
‘orbit pairs’, etc, we provide an inductive argument to construct partner orbits for a given orbit with 
a single L-parallel encounter. The first step of the inductive argument stated in Theorem 13.11 shows 
the existence of a unique partner orbit for a given orbit with a 3-parallel encounter. The main result 
of the current paper is Theorem 13.21 which proves that there exist (L — 1)! — 1 partner orbits for a 
given periodic orbit with an L-parallel encounter such that any two piercing points are not too close. 
This condition is expressed by differences of stable and unstable coordinates of the piercing points 
which guarantees that the encounter stretches are separated by non-vanishing loops and whence the 
partner orbits do not coincide. We use combinatorics to count the number of partner orbits and apply 
the connecting lemma, the Anosov closing lemmas to construct partner orbits. The action difference 
between the orbit pairs can be approximated by terms of coordinates of the piercing points with a 
precisely estimated error. 
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2 Preliminaries 

We consider the geodesic flow on compact Riemann surfaces of constant negative curvature. In fact 
this flow has had a great historical relevance for the development of the whole theory of hyperbolic 
dynamical systems or Anosov systems. It is well-known that any compact orientable surface with a 
metric of constant negative curvature is isometric to a factor r\]H[^, where ^ = {z = x + iy E : 

1/ > 0} is the hyperbolic plane endowed with the hyperbolic metric ds^ = and F is a discrete 

subgroup of the projective Lie group PSL(2, M) = SL(2, M)/{±£' 2 }; here SL(2, M) is the group of 
all real 2x2 matrices with unity determinant, and E 2 denotes the unit matrix. The group PSL(2, M) 
acts transitively on by Mobius transformations 2 ; 1 -^ If action is free (of fixed points), 
then the factor P\H[^ has a Riemann surface structure. Such a surface is a closed Riemann surface of 
genus at least 2 and has the hyperbolic plane as the universal covering. The geodesic flow 
on the unit tangent bundle X = T^(P\]H[^) goes along the unit speed geodesics on P\H[^. This means 
that every orbit under the geodesic flow jtgK is a geodesic on X which is the projection of a 
geodesic on H^. In addition, every oriented unit speed closed geodesic on P\]H[^ is a periodic orbit of 
the geodesic flow )tgR onX = T^(P\E[^). 

On the other hand, the unit tangent bundle (P\E[^) is isometric to the quotient space P\PSL(2, M) 
{P^f, g G PSL(2, M)}, which is the system of right co-sets of P in PSL(2, M), by an isometry S. Then 
the geodesic flow {(pf)t(zM. can be equivalently described as the natural ‘quotient flow’ ipfiVg) = Tgat 
on X = P\PSL(2, M) associated to the flow (j)t{g) = gat on PSL(2, M) by the conjugate relation 

Iff = o Lff o S for all t G M. 

Here at G PSL(2, M) denotes the equivalence class obtained from the matrix At = i q ^-t/2 ) G 
SL(2, M). In fact, there are one-to-one correspondences between the collection of all periodic orbits of 
)teK (denoted by VOx), the collection of all oriented unit speed closed geodesics on Y (denoted 
by CQy), and the conjugacy classes in P (denoted by (£r)- The period T of a periodic orbit in VOx 
and the length I of the corresponding closed geodesic in CQy are related by T = / = 2arccosh(I^^), 
where 7 is a representative of the respective conjugacy class in Cr- 

There are some more advantages to work on X = P\PSL(2, M) rather than on X = T^(P\EI^). 
One can calculate explicitly the stable and unstable manifolds at a point x to be 

lU^(x) = (x),t G M} and W^{x) = {r/f (x),f G M}, 

where and {rif)tem are the horocycleflow and conjugate horocycleflow defined by 9f{Tg) = 

Tght and ^^^(P^f) = Tgct\ here ht,Ct G PSL(2,M) denote the equivalence classes obtained from 
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Bt = 1), Ct = (^] 0^ SL(2, M). The flow ((/?^)tgiR is hyperbolic, that is, for every x e X 

there exists an orthogonal and ( 99 ^ )igR-stable splitting of the tangent space T^X 

T,X = E\x) © E%x) © E^{x) 


such that the differential of the flow is uniformly expanding on E^{x), uniformly contracting 

on E^{x) and isometric on E^{x) = ix)\t=o)■ Once can choose 


E^{x) = span 




and 


E^{x) = span 




General references for this section are [|S|71[l3]|, and these works may be consulted for the proofs 
to all results which are stated above. In what follows, we will drop the superscript X from 
to simplify notation. 


2.1 Poincare sections, stable and unstable coordinates 

Recall that the Riemann surface r\]H[^ is compact if and only if the quotient space X = r\PSL(2, M) 
is compact. Then there is do > 0 such that dG{g,'yg) > ao holds for all G G = PSL(2,M) and 
7 G P \ {e}. In the whole paper, we assume that X is compact. First we recall the definition of 
Poincare sections in Part I ifT^ . 

Definition 2.1. Let x E X and e > 0. The Poincare section of radius e at x is 

Ve{x) = {T{gcubs) : \u\ < e, |s| < e}, 
where g E G is such that x = Tg. 

Lemma 2.1. Let X be compact and e G ]0, cro/4[. For every y E Vs(x) there exists a unique couple 
(m, s) G ] — £, e[ X ] — e, e[ such that 

y = ^(gcubs) 

for any g E G satisfying x = Vg. 

Proof. By definition such a couple ( m , s) does exist. To show its uniqueness, suppose that x = Tgi = 
Tg 2 and y = Tgibs^Cui = Vg 2 bs^Cu^ for gi, g 2 E G and (mi, si), (m 2 , S 2 ) G ]-£,£[ x ] - e, £[. Then 
there are 7,7' G P such that 


Q 2 and 7 dit^uibsi 


Therefore 


dcii ^j'giCui,giCui) = 


< 


dQiyt g2t'U2bs2—sii gXi) d,Q(^giC ^ 2^52 — -51 : gxui ) 

^g(^S2—U 2 ) — ^g(^si—S2 5 ^g(Cw 2—ui: 

|si — S 2 I + |mi — M 2 I < 2£ + 2e < (Tq. 
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From the property of cxo, it implies that 7 ^7' = e, so that 7 = 7'. Then g 2 Cu 2 bs 2 = 'igiCuibsi = 
g 2 Cuibsi yields and consequently si = S 2 , = ^2 by considering matrices. □ 

Thus for £ G ]0, cro/4[ the mapping 

Ve{x) -£,£[X] - £,£[, y {u,s), 

such that y = T{gcubs) defines a bijection. 



Figure 2: Coordinatization of Poincare section 


Definition 2.2. The numbers u = u{y) and s = s{y) are called the unstable coordinate and the stable 
coordinate ofy, respectively, and we write y = (m, s)^ (see Figure^. 

We can also define Poincare sections as the following. 

Definition 2.3. Let x E X and e > 0. The Poincare section of radius e at x is 

V'^(x) = {V(gbsCu) : |s| < £, \u\ < e} 
where g E G is such that x = Tg. 

Note that bg and c„ are reversed as compared to Ve{x). We also have the following result. 

Lemma 2.2. Let X be compact and e G ]0, cro/4[. For every y G P'(x) there exists a unique couple 
(s, m) G ] — £, e[ X ] — e, e[ such that 

y = V(gbsCu) 

for any g E G satisfying x = Tg. 

Definition 2.4. Again the numbers s = s{y) and u = u{y) are called the stable coordinate and the 
unstable coordinate ofy, respectively, and we write y = (s, u)f 
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The following result shows that if two trajeetories of the flow interseet a Poincare section 

and are sufficiently close in the past time (the future time, respectively), then the stable coordinates 
(unstable coordinates, respectively) of the piercing points are nearly equal. A similar approximation 
was used in [fT^ but left proven. 

Theorem 2.1. For every p > 0, there exists e = e{p) > 0 satisfying the following property. If 
S € ]0, y[ x,Xi E X are such that Xi G Vs{x) with Xi = (wj, Si)x, for i = 1, 2, then for any 
T > 0, 

(a) ifdx{(pt{xi),(pt{x 2 )) < efort G [0,T] then \ui -M 2 I < 

(b) ifdx{Ft{xi),Pt{x 2 )) < efort G [-T, 0] then |si - Sa - SiS 2 {ui - Wa)! < pe~^. 

(c) ifdxiFtixi), pt{,X 2 )) < efor t G [—T, T] then \ui — Ma| < pe.~^ and |si — sa| < 

Proof. Let p > 0 be given. According to Lemma [2Al below, we can select £1 = £i(p) > 0 so that 
dQ{u,e) < El and u = vr(f/) G G for f/ = ^ j G SL(2,M) yield |Mia| + |Mai| < p- Let 

(a) & (b) Write x = Tg and Xi = TgCufsi for g E G. Denote eft) = gCufsiOt E G. By the definition 
of dx, for every t E [—T, T] there is 7 (t) G L so that dx{^t{xi), (pt(xa)) = (iG(ci(f), 7 (f)ca(f)) < e. 
Using the property of (Tq, we can show that 7(f) = 7 ( 0 ) for all t E [—T, T]. In addition, since 

dG{gCuf)s^, gCuf)sfj = dGicu^bs^yCu^bs^) < \ui\ + \U 2 \ + |si| + |sa| < 45 < we have 

dx{^o{xi),pQ{x2)) =dx{xi,X2) = dQ{Cuf)s.,,Cuf)s2) = c?g(ci(0),C2(0)). 


This means that we can take 7 ( 0 ) = e and hence 7 (t) = e for all t E [—T, T]. Then dcicif), C 2 (t)) < 
s for all t E [—T, T], i.e.. 


dcicuibs^at, Cu^bs^o^t) < e < ei for all t E [-T, T], 

or equivalently, 

dQ{a_tb-s 2 Cui-u 2 bsiat,e) < El for all fG[-T,T]. 
Write a_tb-s 2 Cui-u 2 bsiat = [Hf)] with 


H{t) = 


1 - Sa(Mi - U 2 ) e *(si - Sa - SiSa(Mi - Ma)) 


efui - U2) 


1 + Si(Mi - U 2 ) 


E SL(2,: 


Whence the definition of Ei leads to 


e |mi - Ma| + e |si - Sa - SiS2(mi - Ma)| < P for fG[-T,T]. 


In particular, t = T and t = —T imply (a) and (b), respectively, 

(c) This follows from (a) and (b). 


□ 


We also have a reverse statement. 
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Theorem 2.2. Fore e]0,^[. Assume that x,Xi,X 2 G X are such that Xi G V^{x) and Xi = {ui,Si)x 
for i = 1,2. Then for any T > 0, 

(a) if\ui — M 2 I < then dx{Ttixi), Ttix 2 )) < e for all t G [0, T]; 

(b) if\si - S 2 - siS 2 {ui - M 2 ) I < then dxi^pfxi), < e for all t G [-T, 0]; 

(cj i/|Mi — M 2 I + |si — S 2 I < fe~^ dxiTtixi), ipt{x 2 )) < e for all t G [—T, T], 

Proof, (a) Let T > 0 be given and fix t G [0, T]. We have 


dx{Tt(,Xi),ipt{x2)) = 


< 

< 


dx(J'gCu^bs.,at,Tgc 

U2^S2 at) < dcigcu.bs.at, gcu2bs2at) 

(C(ui—U 2 )e*^sie“*5 (^(wi—U 2 )e *5 ^G(^S 2 e“^5 

c?G(c(„i_„2)et,e) + dG{bsie-ha) + dG{bs^e-^^,e) < \ui - U2\e^ + (|si| + |s2|)e"* 


(b) First, we write CuFg. = with 


fj =-2 ln(l + MiSj), Ui = ufl + UiSi), Si = 


1 + UiSi 


For t G [—T, 0], analogously to (a), we obtain 


dx{Ttixi),(ptix2)) 


< 

dci^^UibsiO^t') 

= dcibs^ 

Cui Clri •) bs2 ^U2 ^T2 

at) 

= 

<^g(^(si- 

S2)e 

C{i2e^^T2 ) 



< 

<^g(^(si- 

S2)e-G + dG 


+ dG (Cu2e *; e) + dc (®fi, e) + dc (®f2 > a 

< 

|si - S2 

|e"* + (|mi| + 

I«2|)e* + ^(|ri| + |f2|) 


< 

|si - S2 

- siS2{ui - U2)\e * + (|mi| + |M2|)e* + 

4 

^(|miSi| + IM 2 S 2 I) 


S T + 

2e 4 

2e^ 


< 


“1“ - ^ ■ 

— < e. 




2 

5 y/2 

25 




(c) It follows from |mi — M 2 I + |si — S 2 I < |e that |mi — M 2 I < |e ^ and |si — S 2 — SiS 2 (mi — M 2 )| < 
|e“^ which prove (c) by (a) and (b). □ 


2.2 Shadowing lemma, Anosov closing lemmas, and connecting lemma 

We recall the shadowing lemma and reformulate the Anosov closing lemma in Part I ifT^ : 

Denote by Wf ^^{x) = {T{gbt) : |f| < e} and ly^^g(x) = {r( 5 (Ct) : |t| < e} forx = F^f the local 
stable and local unstable manifold of x of size e, respectively. 
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m{xr) 



Figure 3: Shadowing lemma 

Theorem 2.3 (Shadowing lemma). Ife > 0, Xi, 0:2 G X, and x e H ^(x 2 ), then 

dx{^t{xi),(pt{x)) < ee~^ for all tG[0,oo[ 

and 

dx{^t{x 2 ),^t{x)) < se* for all te]-oo,0]. 

Theorem 2.4 (Anosov closing lemma I). Suppose that e e]0,min{|, ^}[, x G X, T > 1, and 
^t{.x) G Ve{x). Let Pt{.x) = (m, s)^, in the notation from Dehnition \2.2\ Then there are x' G V 2 e{x) 
with x' = (cr, p)x and T' G M 50 that 

Pt’{.x') = x' and dx{Tt{.x),pt{.x')) < 2\u\ + \p\ < Ae for all tG[0,T]. 
Furthermore, 


r -T 


— ln(l + ms) < 5|Ms|e 


gT 72 ^ g-T 72 ^ gT/2 ^ g-r/2 ^ 


and 


|cr| < 2|M|e |?7 — s| < 2s^|m| + 2|s|e 

Using the version of Poincare sections in Definition 12.31 we have a respective statement for the 
Anosov closing lemma which will be also useful afterwards. 

Theorem 2.5 (Anosov closing lemma II). Suppose that e G]0,min{i, ^}[, x G X, T > 1, and 
Tt{.x) G Pe(x). Let Pt{.x) = (s, u)'^, in the notation from Dehnition \2.4\ Then there are x' G V 2 s{x) 
with x' = ( 7 , cr)^ and T' G M so that 

Pt'{x) = X and dx{Tt{x),pt{x')) <2\u\ + \p\ < Ae for all tG[0,T]. (2.1) 
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Furthermore, 


and 



( 2 . 2 ) 

(2.3) 

(2.4) 


Figure 4: Anosov closing lemma 


Proof. See Figure |4] for an illustration. By assumption, there are s,u G ] — s,e[ and S' G G such that 

Tg = X and <yCr(a^) = ^Q^sCu- Then there is C G F such that Qgar = gbgCu or ( = gbsCua_Tg~^- The 

equation 

ue~'^7f‘ — ((1 + su)e~^ — 1)?7 — s = 0 
has a solution 77 G M satisfying |?7 — s| < 2|s|e“^ as well as |? 7 | < 2|s|. Then 

u 

1 + (s — ri)u — Tju — 

is well-defined and |(t| < 2|M|e“^. Put g' = gbrjCa G G and x' = Tg' to obtain x' G 'P 2 ei^)- Defining 


T = T — 2 ln(l + (s — 'g)u), 


(2.5) 


we have 


T' T 

y ~ Y 


ln(l -f (s — vi)u)\ < 2|s — r]\\u\ < 4|Ms|e' 


which is (12.21) . Similarly to the proof of the Anosov closing lemma I, we can check that CgbrjCaO^T' = 
gbrjCa and hence (pT'{x') = x' and we also have the latter of (12.11) . Due to C = gbsCua-Tg~^ = 
gbr^Ccra-T'C-ab-r^g~^, this implies (12.31) : and (12.41) can be done analogously to the Anosov closing 
lemma I. □ 
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Lemma 2.3 (Connecting lemma). Let Xj E X be a Tj-periodic point of the flow 3 = 1; 2 

and Ti + T 2 > 1 and let e > 13. If X 2 E Ve{xi), then there is a periodic orbit be-close to the orbits of 
Xi and X 2 . More precisely, if Xi = Tgi and X 2 = TgiCubg, then there are x E X and T > 0 such that 

Pt{x) = X, 


dx{(pt{x),(pt{xi)) < 5£ for all t E [0,Ti], 
dx{(pt+n{,x),(pt{,X2)) < 5£ forall t E [0,T2], 


and 


Furthermore, x 


T - (Ti + T 2 


— ln(l + us) 


< SlwsKe 


-Ti 


= where a, 77 G M satisfy 


\p — s\ < 2 s'^\u\ + 2 \s\e 


-T1-T2 


and 


+ e + 8|Ms|e 

\a\ < 2\u\e~'^^~'^'^. 


( 2 . 6 ) 


(2.7) 



Figure 5: Reconnection a pseudo-orbit yields a genuine periodic orbit 


Proof. See Figure [5] for an illustration. Write Xj = Tgj with gj E G. Then Tg 2 = TgiCubs and hence 
^92b-s = ^giCu =: w E W^{x 2 ) n Wf{xi). By the shadowing lemma (Theorem 12.31) . 


dx{^t{'Uj),pt{x2)) <ee \ forall 

t > 0 

(2.8) 

and 

dx{^t{w), g^flxi)) < ee\ for all 

For w = p-Ti {w), we verify that pTi+Xiiw) E V 2 s{w). Indeed, 

t < 0. 

(2.9) 


9^Ti+T2(w) = Vg2b_saT2 = ^g2b_se-'^2 = ^giCubs(l-e-T'2) = ^ giCuC-ua-TXubs(l-e-T2) 

^F(^giCuCt—j'flC'iibs E F^iw), 


where 

-u = m(1 —e“^^) and s = s(l — e“^^). (2.10) 
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By the assumption T 1 + T 2 > 1, we apply the Anosov elosing lemma I to get 

X = T{giCua-Ti)cahn G V 2 e{w) and T G M sueh that = x, 

dx{(pt{x), (Pt{w)) < 4 e for all t G [0, Ti + T2] 


and 

T - (Ti + T 2 ) 
2 

For t G [0, Ti], by (12.111) and (12.91) 


ln(l + us) 


< 5|-us|e 


( 2 . 11 ) 

( 2 . 12 ) 


dx{(pt{,x),ipt{xi)) < dx{(pt{x),(pt{w)) + dx{(pt{w),ipt{xi)) 

= dx{(pt{,x),ipt{w)) + dx{(pt-Ti{w),ipt-Ti{xi)) < 5e. 

For t G [0, T 2 ], by (12.111) and (12.81) 

dx{(pt+n{x),(pt{x2)) < dx{(pt+Ti{x),(pt+Ti{w)) + dx{(pt+Ti{w),ipt{x2)) 

= dx{^t+Ti{x),^pt+TA^)) + dxMu!),^pt{x 2 )) < 5e. 


Furthermore, 


T-(Ti+T 2 ) 

2 


ln(l + us) 


< 

< 


T-{T, + T2) 

- - -ln(l + us) 

+ 3|-us — Ms| = 


+ I ln(l + us) — ln(l + ms) I 
3|Ms|(e“^^ + e“^^) + 8|Ms|e“^^“'^^ 


due to (12.101) . Finally, sinee Cua^Ti = O-TiC^e-^i ^^d xi is Ti-periodic, we obtain 


X ^ 9iCu(^—TiC(jbfj g\Qj—j'^c^g^—T^Cfjb^ F^j^c^g— 

where 

|ct| < 2|M|e-^i-^2 < 2|M|e-^i-^= 

and 

\ri — s\ < |?7 — s| + |s — s| < 2s^|m| + 2|s|e“^^“^^ 

whieh eompletes the proof. 


□ 


2.3 Some auxiliary results 


Lemma 2.4. For every e > 0 there A <5 > 0 with the following property. /fdpsL( 2 ,«)((?, h) < 6 then 
there are 


G 


^ and H 

921 922 J 


hii hi2 

h21 h22 


such that g = 7r((7), h = 7 i{H) and \gu - hu \ + \gi2 - h^l + lfi '21 - (^- 2 i| + | 5'22 - h22\ < £. 
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See Lemma 2.17(b) in IfT^ for a proof. LFsing the deeomposition g = Cubsttr, we have the 
following result. 


Lemma 2.5. Ifsi, S 2 , S3, ui, M2 e ] - then bs^Cu^hs^Cu^hsi = Cubsarfor 


u 

s 

T 


U 1 U 2 S 2 - (Mi + U 2 )p 

Ml + M2 H -—;-, 

1 + P 

Si + S2 + S3 + p ((2 + p)s3 + Si + S2) + MiSiS2(1 + p)i 
21 n(l + p), 


where 


p — M2(Si + S2) + MiSi(l + M2S2). 


Lemma 2.6. Lets G]0,min{i, a;i,a ;2 ^ X be given. Ifxj G Ve{x) andxj = {uj,Sj)x,j = 

1, 2, then there is r G M such that <Pr(a^ 2 ) ^ Furthermore, Pr{x 2 ) = (m, s)^;^ satisfies 

|m — (m 2 — Mi)| < |s — (s 2 — Si)| < 8e^, |r| < 

and 

|mS - {U2 - Mi)(s2 - Si)| = |SiS2|(m 2 - Mi)^ 

Proof. Writer = Tg,xi = Tgi,X 2 = Tg 2 forp,pi,p 2 ^ G. By assumption, Tgj = TgCuFs^ for 
j = 1,2. Then Tgib_siCu 2 -uibs 2 = Tg 2 , and u, s, r are the numbers satisfying the decomposition 
b—s\C-u2—u\b S2 c-ubstij—T- n 

Lemma 2.7. Let e,T,T' > 0. If 

dxi^tixi),iptix 2 )) < e for all f G [0, min{T, T'}], 

then 

dx{^t{xi),pt{x 2 )) < e + V2\T-T'\ for all f G [0, max{T, T'}]. 

Proof. Write xi = Tgi and X 2 = Tg 2 . Without loss of generality, we can assume that T < T'. By 
assumption, for f G [0, T], 

dx{(pt{xi), (pt{x 2 )) < e < e + \/2\T -T'\. 

Fort G [T, max{T, T'}] = [T,T'], 

dxivtixi), Vt{x 2 )) < dxi^pfixi), p>t{xi)) + dxi^frixi), Vt{x 2 )) + dx{^T{x 2 ), Vt{x 2 )) 

= dxiTgiat, FpiOr) + dxipxixi), Pt{x2)) + dx{Tg2at, Tg2aT) 

< £■ + 2dQ{(it, (It) = e -\- \/2 \t — T\ < £■ + y/2 \T' — T|. 

□ 

Any periodic orbit of the flow {pfteu never comes back to another point on the stable manifold 
or the unstable manifold of a point on it. This follows from the next result. 
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Lemma 2.8. Assume thatx, y ^ X are periodic points of the flow with the same period. Then 

y ^ Wf{x) and y ^ Wf^x). 

Proof. Let x, y be T-periodie points and suppose on the eontrary that y G Wf{x),y 7 ^ x. But then 


dx{.x, y) = dx{pmT{.x), Pnixidj)) -^0 as m ^ 00 

whieh is impossible sinee dxix, y) > 0. The ease of unstable manifold ean be treated analogously. □ 

Owing to the hyperbolieity two periodie orbits with similar periods eannot stay too elose together 
without being identieal; see [fT^ for a proof. 

Lemma 2.9. Let X = r\PSL(2, M) be compact. Then there is e* > 0 with the following property. If 
e G ]0, £*[ and if xi,X 2 G X are periodic points of having the periods Ti, T 2 > 0 such that 

\Ti — T 2 I < s/2e and 

dx{(pt{xi),pt{x 2 )) < £ for all t G [0, min{Ti, T 2 }], 
then the orbits ofxi and X 2 under are identical. 

3 Higher-order encounters 

In this seetion, we provide rigorous definitions of ‘L-eneounters’ and ‘partner orbits’, then we give an 
induetive argument to prove that a periodie orbit involving an L-parallel eneounter satisfying a eertain 
eondition has (L — 1)! — 1 genuine partner orbits, and we derive an estimate for the aetion differenee. 

3.1 Encounters and partner orbits 

We eontinue denoting X = T^(r\]H[^) and X = r\PSL(2, M). 

Definition 3.1 (Time reversal). The time reversal map T . X ^ X is defined by 

r{p,0 = i-p,0 for 

The respective time reversal map on X is determined by 

T{x) = Tgdj^ for x = Tg G X, 


where G PSL(2, M) is the equivalence class of the matrix 


0 

-1 



It is obvious that 


ipt(T{x)) = T{p-t{x)) for X e X and t G M. 


Reeall the number £* from Lemma [T9l 
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Definition 3.2 (Orbit pair/Partner orbit). Let e G ]0, £*[ given. Two given T-periodic orbit c and 
T'-periodic orbit c' of the flow ((^f)fgR are called an e-orbit pair if there are L > 2, L E Z and two 
decompositions of [0, T] and [0, T']; < ■ ■ ■ < = T and 0 = Iq < ■ ■ ■ < = T', and a 

permutation a ; {0,1 ,..., L — 1} ^ {0,1,..., L — 1} such that for each j G {0,..., L — 1}, either 

dx{Tt+tj{x),ipt+t'^^..^{x')) < e for all t G [0,tj+i - tf 

or 

dx < e for all t G [0, tj+i - tf 

holds for some x G c and x' G c'. Then d is called an e-partner orbit ofc and vice versa. 

Roughly speaking, two periodie orbits are an e-orbit pair if they are e-elose to eaeh other in 
eonfiguration spaee, not for the whole time, sinee otherwise they would be identieal due to Lemma 
\2.9l but they deeompose to the same number of parts and any part of one orbit is e-close to some 
part of the other. The above definition is modified from ||4l . In this paper we will use the following 
equivalent definition. 

Definition 3.3 (Orbit pair/Partner orbit). Let e E]9,eflbe given. Two given T-periodic orbit c and 
T' -periodic orbit d of the flow (v 9 i)tgM are called an e-orbit pair if there are a number L > 2, L E Z 
and a permutation P : -E satisfying the following conditions. 

(a) There are Xi, ..., x„ G c, x[,..., E d such that 


fTiiXj) = 1 

i ^i+l 

[xi 

if 

if 

j^L 

for 

Tj>0 

and 

T = Ti + ■ ■ 

■ + Tp, 

= 1 

[x'l 

if 

if 

p(3) e L 
PU) = L 

for 

T'>0 

and 

r = T[ + - 

■■ + T'p^ 


(b) Forj = 1,... ,L, 

either dx{(pt{x'j),(pt{xp(j))) < e or dx{Tt-T'p^.^{T{xl)),ipt{xp{j))) < e 
holds for all t E [O, max{Tp(j), 

Then the orbit d is called an e-partner orbit of the orbit c and vice versa. 

We shall often skip the parameter e and call an e-orbit pair an orbit pair and call an e-partner 
orbit a partner orbit or a partner. It is clear that any periodic orbit always has 2 trivial partner orbits, 
namely itself and its time reversal orbit. We do not count them as partner orbits. 

Definition 3.4 (Encounter). Let e G ]0, ^[and L eZ,L >2 be given. We say that a periodic orbit c 
has an (L, e)-encounter if there are x E X, xi,. .. ,xl E c such that for each j G {1,..., L}, 

either Xj E Pflx) or T{xj) E Ve{x). 
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If either Xj G V^{x) holds for alii = l,...,LorT{xj) G Ve{x) holds for all j = 1,..., L then the 
encounter is called parallel encounter; otherwise it is called antiparallel encounter. Wfe call the points 
Xi,...,xl piercing points (see Figure^(a) k.(b) below). 

The parameter e will be often dropped if the radius of the Poincare section is not important. 





Figure 6: (a) & (b) Example of parallel and anti-parallel encounters; (c) Entrance and exit ports 


Encounter duration 

Given an (L, £)-encounter with piercing points Xi,..., xl- Owing to Lemmawe can assume that 
Xi G Ve{xi) fox i = 2,... ,L. Note that either dx{xj,Xi) < ie < or dx{T{xj),Xi) < 4e < e* 
for any i,j G {1,..., L}. By the continuity of the flow there are L orbit stretches of length 

tenc through Xl,... ,xl which remain de-close to each other (up to time reversal), and we call these 
stretches the encounter region, and fenc is called the encounter duration. We are going to evaluate 
tenc- First, we consider a 2-parallel encounter. Let c be a T-periodic orbit with a 2-parallel encounter. 
Assume that x,y e c such that y G Pe(x) for y = {u, s)^. Then 

dx{x,y) = dx{Tg,TgCubs) < dQ{e,cJ)s) < |m| + |s| < 2e, 

where g E Q,Tg = x. Using bgat = atbse-^ and = atCuet, we deduce that 

^t{y) = 'i^{9at){cnetbse-t) for all t G M. 

Then ptiv) ^ 'Pei^tix)) if and only if |M|e* < £ and |s|e“* < s. Note that us 0 since otherwise 
y E Wf{x) ox y e Wf-i^x) which contradicts Lemma|2.8l So, (ftiv) ^ 'Pei^tix)) for — In (h) < ‘ < 

In j . Denote ts = In j and tu = In (^|f| j . Then for f G ] - U, 4[, (pt{y) e Vei^ftix)), ipt{y) = 
(we*, se~^)^^(x) and hence dx{^t{x), 'Pt{y)) < 2^. The encounter duration is thus given by 

tenc = ts + U = \xi -f In = In 

Vs/ V M / V MS / 
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We see that tg is the duration the flow ean go baekward and is the duration the flow ean go toward 
before leaving the encounter region. Next, for an (L, e)-parallel encounter with piercing points Xj E 

Ve{xi), Xj = {uj, Sj)xi for j = 2,..., L, we define 

tg = min <ln(--^)> and tu = min <ln(-^)>. (3.1) 

2<j<i ( J 2<i<L ( V|sj|/ J 

The encounter duration is given by 

2 

tenc = tg+tu = \n ) , (3.2) 

\us/ 

where u = m&X 2 <j<L{\uj\}, s = max 2 <j<L{|sj|}. For antiparallel encounters, the argument is 
similar and we also have (13.21) for the encounter duration; see ifT^ for similar results. 

Definition 3.5 (Entrance port/Exit port). Given an (L, e)-encounter with piercing points Xi,... ,xl. 
For j = 1,..., L, we define the entrance port and the exit port of the jth orbit stretch by 




if Xj E Veixi) 
if T{Xj)EVe{Xi) 


and 




respectively; recall tg and tu in (13.11) . 


if Xj E Ve{xi) 
if T{Xj) EVe{xi), 


We see that the jth stretch enters the encounter region through the entrance port Xen,j and leaves 
it through the exit port Xex, j (see Eigure[ 6 ](c)). 

Example 3.1. Assume that a periodic orbit of the geodesic flow on (EjEI^) crosses itself in config¬ 
uration space at an angle 0 such that |0| < min{l/ 6 , e^/9} for 0 = vr — 0; see EigurefU Then it has 
a unique partner orbit (see Theorem 3.15 in Part I Denote £ = | sin((j/2) < f| = ^?. Recall 
X = Tg,y = Vh,y’ = T{y) = Th’. 

(i) The original orbit has a 2-antiparallel encounter. Indeed, by the proof of Theorem 3.5 in Part 
I, X = Tg = Th'dg = r/i'a_T-c_„ 6 _s, where dg E PSL(2,M) is the equivalence class of Dg = 
( -2(0/1) 2(0/2) ) ^ SL(2,M),r = -21n(cos((j/2)), s = tan((j/ 2 ), u = - sin((j/ 2 ) cos((j/ 2 ). 
This means that x E Vgfy) for X = (—M, —s)y with y = (p_T-{y'). Consider the orbit cof x' = T{x). 
It follows from x',y E c and T(x') = x E 'Pg{y) that the orbit c has a 2-antiparallel encounter. 

(ii) The partner orbit is a 6 e-partner. To see this, put xi = x,X 2 = y,x[ = w,X 2 = pT 2 iw),T{ = 
T 2 ,T 2 = T' — T{. We have pTiixi) = X 2 ,^t 2 {x 2 ) = xi as well as ipT[{x\) = x' 2 , Pt^{x' 2 ) = x[. 

Eurthermore, it was shown in Part I that 


dx{(pt{xp;i)),(pt-T'p^^^{Tx[)) = dx{(pt{x2),g^t{Tx2)) < Qe for t E [0,T2] 
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and 


dx{^t{xp( 2 )),^t{x' 2 )) = dx{^t{xi),^pt{x' 2 )) < 6 e for t e [ 0 ,Tp( 2 )], 

here P = (y \ ^ j • Thus, the partner orbit is a Ge-partner orbit. 

(iii) The eneounter duration 

= (sin 2 ( 0 / 2 ))- 

For more details, see Subseetion 3.5 in Part I [fT^ . <) 

In the remaining part, eneounters mean parallel eneounters. 

3.2 Number of partner orbits 

Let c be a given periodie orbit with an L-eneounter (L > 2). The orbit eonnects the jth entranee 
port and the jth exit port, j = 1,..., L. This ean be deseribed by the identieal permutation Pori = 
^ ^ 2 L ) ^ eonneet the entranee ports and the exit ports by different ways to get 

different partner orbits. The way whieh entranee port is eonneeted to whieh exit port ean be expressed 
by a permutation P E Sl- However, not all the permutations in Sl give eonneeted partner orbits. A 
permutation P illustrated a partner orbit has to satisfy the eondition that Pioop-P is a single cyele, 
where Pioop ^ ( 2 3 ^ ^ j is the orbit loops permutation, beeause it is a periodie orbit 

and henee returns to the first entranee port only after traversing all others. Reeall that a permutation 
P G Sl is ealled a single cyele if P cannot be written as a product of shorter cycles; equivalently, 
P^{j) 7 ^ 3 for all 3 ^ {1; • • •) T} and k G {1,..., L — 1}. For more details, see |[T^ . Note that we 
do not demand the permutation P to be a single cycle as in [fT^ . 

Lemma 3.1. The number of permutations P in Sl \ {e} such that PioopP are single cycles is {L — 

Proof. It is well-known that the number of single cycles in S'^ is (L — 1)!. For every single cycle Q, 
we write Q = PioopiPfopQ)■ Then the permutation P = Pf^pQ satisfies the condition that P\oopP 
is a single cycle. Note that Pioop is a single cycle and the identity permutation e also satisfies the 
condition that PioopC is a single cycle. This completes the proof. □ 

Example 3.2. (i) For L = 2, there are (2 — 1)! — 1 = 0 partner orbits. 

(ii) For L = 3, there is (3 — 1)! — 1 = 1 partner orbit which is illustrated by the permutation 
(^l 3 3 j; see Figure |7](a). 

(iii) For L = 4, there are (4 — 1)! =6 single cycles in 5 * 4 , namely: 

( 1 2 3 4 ), ( 1 2 4 3 ), ( 1 3 2 4 ), ( 1 3 4 2 ), ( 1 4 3 2 ), ( 1 4 2 3 ). 
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Figure 7: (a) Partner orbit of periodie orbit with 3-parallel encounter; (b) Interchange entrance and 
exit ports to creat the partner orbit 


The first one corresponds to the original orbit and therefore there are 5 partner orbits given by the 
following permutations: 

/I 2 3 4 \ (1 2 3 A\ (1 2 3 A\ (l 2 3 A\ (l 2 3 A\ 

Vl 3 4 2 /^2 3 1 4^’ V 2 4 3 I \3 4 1 2 \ 3 2 4 1 J' 

0 


3.3 3-encounters 

In this subsection we will construct a partner orbit of a given orbit with a 3-encounter. Denote P = 

{I I 

Theorem 3.1. Let e € ]0, and let c be a T-periodic orbit involving a (3, ^)-encounter with the 
following property: 


(i) there are Xj G c, Xj G V^{x) with Xj = {uj, sfx for some a: G X, j = 1 , 2 , 3 ; 

(ii) \uj — Ui\ > -f and |sj — Sj| > -f far j, i = 1,2,3 and j i, 

where Ti,T2,T3 > 0 are such that T = fa + T2 + fa, ipTiixi) = X2,(pT2fa2) = X3, and 

= Xi. 


Then the orbit c has a lie-partner d whose period T' satisfies 
r -T 


-AS, 


< 76e^ + 22e^e-^^ + 7e^e-^^ + 7e^e-^\ 


(3.3) 


where 

AS, = ln(l -f (% - Mi)(s 3 - S 2 )) -f ln(l -f {u 2 - Ui){s 2 - Si)). 

Furthermore, the partner orbit also has a {3, e)-encounter. More precisely, there are vi,V 2 ,v, G d 
and T[, fa, T^> D such that 
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(a) (pT^{vi) = V3, (PT^{V2) = Vi, ipnivs) = V2, and V = T[ + T^ + T^; 

(b) Vj E Ve(x) with Vj = {u'j, s'j)x satisfying 

\Uj - Mp(j)| < 23e^ + 6£(e"^i + (3.4a) 

I s'- -Sj\ < 236^ + 6£(e"'^i + (3.4b) 


(c) |T;-T, | < 22 £ 2 ; 


(d) dx{^Pt{vj),^pt{xp(j'))) < lOe for all t E [0, max{Tp(j), Tp^^.^}]. 

Proof. First we use Lemma [2^ to write Xj := {xf E Ve{xi) with Xj = {uj, and 

\uj-{uj-ui)\<^e^, \sj - {sj - si)\ <^e^, \ujSj\<^e^, \fj\<^e^. 

Denoting 


(3.5) 


Ti=Ti + f2, T 2 = T 2 - fa + fg, andf3 = T3-f3, (3.6) 

we have 

(Pf^{xi) = X 2 , <^f2(^2) = X 3 , (Pf^ixs) = Xi, (3.7) 

and T = Tg + Ta + Tg as well as 

\T 2 -f 2 \< 2 ef and iTs-ffK^e^ (3.8) 

Figure |7] illustrates steps of interehange ports in a 3-enoounter to ereate a partner orbit. 

Step 1: Write Xj = Tgj and Xj = Tgj for gj^gj E G, j = 1, 2, 3. By the above setting, we have 
X 2 = ipf^{xi) = {u 2 ,S 2 )xi e 'Pe{xi). Apply the Anosov closing lemma I (Theorem [24l) to obtain 
1/2 = r/i2 = Tgic^^br,^ E V2eixi) and fi G M so that ipf^{y2) = I/2, 


and 


dx{(pt{xi),ipt{y 2 )) < 4:6 

^ - ln(l + M2S2) 


for all fG[0,Ti], 
< 5|-U2S2|e“'^S 


(3.9) 

(3.10) 


Then 

yields 


laal < 2£e \r ]2 - S 2 I < 2^^ + 2ee 

|Ti - Til < Sl-UaSal < 3^^ 

|Ti - Til < |fi - Til + |fi - Til < 4e‘^ 


(3.11) 

(3.12) 

(3.13) 
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due to (13.81) . Furthermore, 

I "^2 + 511 < |'^2~S2| + |s2~('S2~5i)| + |s 2| ^ 2^^ + 2ee — £^ + —£<£ 

yields \ri 2 \ < |£|. On the other hand, note that = xi = Tg 2 b-s 2 C-u 2 ^ 'P'e{^ 2 ) and 

= (~“ 2 , —S 2 )x 2 - Then, by the Anosov closing lemma II (Theorem 12.51) . there are yi = 

Thi = r^ 2 &r,iCai e V 2 e{x 2 ) and f 2,3 e M so that <^ 7 - 2 , 3 (l/i) = Vi^ 


and 


Then 


dxi^Ptiyi), Vt{x 2 )) < 4e for all t G [0, T 2 + T 3 ], 

(3.14) 


Ls-m + r,) ^ 

(3.15) 

Wi 

< 2ee~'^^~'^^, 771 + §2 < 266“^^“^®. 

(3.16) 

j 

^2,3 - (T 2 + T 3 ) 1 < y < 6 ^ 

(3.17) 


and |? 7 i| < I £■ 

Step 2: Construction of the partner orbit. We are going to ‘connect’ the orbits of yi and y 2 to get a 
new periodic orbit. We need to check the assumption of the connecting lemma (Lemma [23l) . Define 

1/3 = r/i 3 = </?f 2 (^i) and recall yi = r^ 2 &r,iC^i, T^s = ^giCusbg^, and r/i 2 = TgiCu^bs^. This implies 
that 


Vs — ^hbriiCaiaf2 - 

Applying Lemma [231 we write 1/3 = r/i2Cu3&s3af3 for 

M 3 = M 3 - o ~2 + ((% - c^ 2 )tTie'^"(g 3 + - (m 3 - (72 + aie'^")p 3 ), 

1 + P 3 

h = - ?/2 + S3 + ?7ie"^2 p 3 (_ry 2 + S3 + r/ie'^s) _ (^3 _ 0-2)772(53 + r 7 ie"^ 2 )(l + ps), 

f3 = 21n(l + p3), 

where 

P 3 = 0-16^3-772 + S3 + 77 ie "'^3 - (m 3 - 0-2)772(1 + 0-16^353 + 77 ie"'^ 3 ). 

From I771I, [772 1 < y, ( 13 . 111 ) . and ( 13 . 161 ) . we thus have |p3| < 36 ^ and hence 

|f3| < 126^, |m3 — M3I < + 266“"^^ + 2 ee ~^^, [53 — (—772 + §3)! < 166^ + 2 ee ~'^^. (3.18) 

Therefore 

1^3 - {U 3 - Mi)| < |m3 - (ms - mi)| + [ms - Ms] < 86^ + 2 ee“'^^ + 2 ee“^^ ( 3 . 19 ) 
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as well as 


S3-(s 3-S2)| < |S3 - (-r?2 + 53)1 + |S2 - 772 ! + |(S2 - Si) - S 2 I + |S3 - (S3 - Si)| 


< + 2ee-^^ + 2ee-^\ (3.20) 

using (13.51) and (13.111) . so that |m 3 | < e, |s 3 | < £, and hence 

^3 := r/i 3 = r/i 3 a_f 3 = Th2CuJ)s3 G Ve{y2)- (3.21) 

Recall that 1/2 = rh 2 is Ti-periodic and since 1/3 = rh 3 is T 2 ^ 3 -periodic, so is ^3 = ^p^fsivs)- Apply 
Lemma [23] to obtain zs = r^ 2 C^ 3 g-Ti_,_^^T? G V 2 e{y 2 ) and T' G M such that v^rK-^s) = -^ 3 ’ 

dx{‘Pt{zz),‘Pt{y 2 )) < 5e forall tG[0,Ti], (3.22) 

< 5e forall tG[0,f2,3], (3.23) 


r'-(fi + f2,3) 


ln(l + M3S3) <5|M3S3|(e ^1+e ^"’3), 


and 


|a| < [r; - S 3 I < 26 ^ + 2 ee-^^-^^’^ < 2e^ + ee-^\ 

Using (13.131) and (13.151) . we rewrite (13.24!) as 

r - {f, + f 2 ,s) 


ln(l + M 3 S 3 ) < 6 |M 3 S 3 |(e ^ 1 +e ^^) 


(3.24) 

(3.25) 


(3.26) 


Step 3: Proof of (13.31) . We are in a position to derive an estimate for the action difference. For, it 
follows from (13.261) . (13.121) . and (13.15!) that 

T' -T / \ 

— - -ln(l + M 3 S 3 ) + ln(l + M 2 S 2 ) j 

< 6|M3S3|(e“'^^ + + 5|-U2S2|e“^^ + 4|-U2S2|e“^^“^® 

< + 10£2e"^2-T3_ (327) 


Denote 

AS'3 = ln(l + (% - Mi)(s 3 - S2)) + ln(l + {u2 - Mi)(s 2 - Si)) 

and 

AS '3 = + ■U 3 S 3 ) + ln(l + S 2 S 2 ). 

Using the fact that | ln(l + x) — ln(l + y)\ < 3|a: — y\ for |a:|, \y\ < we have 

|AS3-AS'3| < |m2S2 - (m2 - Mi)(s 2 - Si)| + 3 |m3S3 - (m3 - Mi)(s3 - § 2)1 

< 7Qe^ + lOe^e-A + 
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due to Lemma [2^ and 


\U3S3- {U3-Ui){s3- S2)\ < l^sllss - (S3 - Sa)! + |m3 - (m3 - Mi)||s3 - S2 

< 25^'^ + ^ + 2 e^e~'^^ + 

o 

by (13.191) and (13.201) . Therefore, it follows from (13.271) that 


T'-T 


2 


- A^3 


< 76£^ + 2 l£^e '^1 + — e'^e — e^e 

2 2 

< 76e^ + 22 e^e-'^^ + 7£^e"^^ + 7e^e"^^, 


which is (13.31) . 

Step 4: Definition ofvi, V2, V3 and proof of (13.41) . In what follows we often use the fact that 

|?7i| < |??2| < |ai| < 2ee~'^^~'^^, \a2\ < 2ee~'^\ \p\ < 2e, \a\ < 2ee~'^^~'^^’^. 

o o 

Step 4.1: Definition ofv3. Recall that T^ii = TgCufisi,'^h2 = Tgic^fi)^^,Z3 = T/iaCThen 
using Lemma [231 we can write 

^3 = ^^2C^gg-Ti_|_^&»7 = ^9lCa2^ri2^u^e~'^i+J^'^ ~ ^5'Cmi& siC ct 2^2'^^gg-L+cr^^ ~ ^ 

and after a short estimate, we have 

[rgl < |S3 - (si + 772 + ??)| < ee~'^\ \u'^ - uf < 4 ee"^L 

Therefore, it follows from (13.251) . (13.201) . and (13.51) that 

|S3 — S3I < Isg — (si + ?72 + 77)1 + [r; — S3I + |S3 — (—772 + S3)| + |S3 — (S3 — Si)| 

< 236^ + 5ee-^^ + 


and hence \u'f < e, [sg] < e. Defining V 3 := p_r^{z 3 ), we have proven that V 3 = TgCu'^bg/^ e Ve{x) 
and V 3 = ( 773 , S 3 ) satisfies (13.681) . Step 4.2: Definition ofv 2 . Defining 

Z 2 :=Pf^{z 3 ) (3.28) 


and using Lemma [231 we write 


^2 - r/72c^g_^^gTi&,jg-fi - r^fi ^o'2^772^^3-|_(jeL Ti 

— ^9Cui bsi C(72 ^2 '^jig+o-gTi b^^-fi — ^9^U2 bs '2 ®r2 ) 

and after a short calculation, we obtain 

|r2| < 5 e^, |s2 — (si + 772)] < 2 e^ + 2ee“^\ |m2 — (mi + 'U 3 )| < + 3 ee“^^ + ee~'^^. 
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Together with (13.111) . (13.51) . and (13.191) . this yields 


1^2 — S 2 I < + 5ee as well as \u 2 — M 3 I < + Gee + 4ee 

and therefore IM 2 I < e, IS 2 I < e. Defining t >2 = <y5_T-'(^2), we have proven that t >2 = TgCu'^bg'^ G T’e(x) 
and V 2 = {u 2 ,S 2 )x satisfies (13.41) . Step 4.3: Definition of vi. First, recall that Z 3 = 

Then, since 1/2 = r/i 2 is a Ti-periodic point and Th 3 a_f^b_s^ = Th 2 Cu^ obtained from (13.211) . we 
have 

Z 3 r/l 2 C^gg —Tj^ _|_^67J r/l 2 Cf 3 ®_ j'j r/l 3 Ci_fg&_^gC(,_^^C(j 6 jy. (3.29) 

Put T 3 = T 2,3 - T 2 + fs, Ti ,3 = Ti + T 3 and define 

zi := ipf^{z 2 ). (3.30) 

Due to Z 2 = {Z 3 ) and (13.291) . it follows that 

= ^fl,3iZ3) = r/i3af2,3-f2^-fi3e-T3C<^e^l.3^^e-^1.3 = ^^3“-T2^-fi3e-T3 C^gTl_3 ; 

recall that 1/3 = Th 3 is f 2 , 3 -periodic. Using 1/3 = Th 3 = yi = Thi = Tg 2 bn^c^^ and applying 

Lemma [231 we can write 


Zi — h\b - —T^c xt ob —X-. ^ — r^2C(xi - — toC t, ^b ,, 

^ ^ -uge ^3 o-e 1.3 r/e 1.3 ’ll <^1 -536 ^3 o-e^l.3 ^1,3 

^ff^U2^S2+'r/ie'^2 C-C!\e~'^2 ^_^gg-T3+f2 *3^e^l.3“'^2 ^,yg-L,3+'l2 

= '^gCu'bs'^ar[, 


with sf t[ satisfy 


t[\ < 2 e^, \u'i — M2 1 < -f See |s']^ — (s2 “ '^i)| < 3e^ + See 


owing to 

r/ie ^2 ^ = 2giSi{u2 - uf + gisl{u2 - Uif. 

Together with (13.51) and (13.161) . this implies 

1^1 — Si| < — (s 2 — ?/i)| + |'?/i-l-S2|-f|s2~(s2~5i)| < 4e^ + 4ee (3.31) 

Defining mi := = TgCu'bgi leads to Mi G Ve{x) with mi = {u[,s[)x satisfying (13.41) for 

J = 1- 

Step 5: Proof of (a)k.(c). Recall from (13.281) and (13.301) that Z 2 = <^^^(. 23 ) and zi = g)f^{z 2 ). 
Letting T 2 = T' — (Ti + T 3 ), we have i~pf^{z 2 ) = Z 3 . From vj = ip_r'(zj), j = 1, 2, S, we define 

T; = fi + r'-r', T' = f 2 -r'+r{, T'= f 3 + r' - (3.32) 


to obtain T' = T[ + T 2 + T 3 and 

<^T'K) = V'^, (fT'(v2) = V'l, ‘fT^iVs) = V' 2 , 
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so (a) is shown. Now we show (c). It what follows we will use the following result several times: 


\t[\ < 2^^, Ir^l < 5e‘^, \t^\ < Ifs] < 12e‘^. (3.33) 

First, it follows from (13.321) that 

\T[ - Til < \T[ - fil + |fi - Til < |r'| + |r'| + |fi - Ti| < lOe^ 

due to (13.131) . A short calculation shows that 

T^-T 2 =r- (fi + f2,3) + fa - T 2 - fg - r' + . 

Hence, by (13.81) and (13.331) . 

IT'-Tal < |T'-(fi + f2,3)| + |f2-T2| + |f3| + |r'| + |f| <22^2; 

here we have used |T' —(fi+fa^g)! < 5g^ obtained from (13.261) . Finally, recall that fg = fa^g—Ta+fg. 
Then it follows from (13.321) that 

IT'-Tgl < iT'-fgl + lfg-Tgl < |f2,3 - fa - fg | + iTg - fg | + | fg | + | t'| + |f | < 21gf 

using (13.171) . (13.81) . and (13.181) . In summary, \T- — Tj\ < 22e^ for j = 1, 2, 3 as was to be shown in 
(c). 

Step 6: Proof of (d). It what follows we often use the fact that if z^v E X and 2 ; = for some 
r G M, then 

dx{pt{v),ipt{z)) < dQ{ar,e) < |r| for all t eR. 

This applies to Vj = ip_r^{zj),j = 1, 2, 3. Step 6.1: For j = 1. For t E [0, min{fi, fi}], 

dxMvs), Pt{xi)) < dxMvs), (Ptizs)) + dxMzs), Ptiy2)) + dxMy2), 

— ITsI T T ^ T 

due to (13.91) and (13.221) . Therefore, since |Ti — fi| < |T( — fi| < 6g^, we have for all t E 

[0,max{Ti,T(}]: 

dx{p>t{v 3 ),(pt{xi)) < 9g + g^ + \/2max{|T - fi|, |T{ -fi|} < lOg, 

using Lemma [2771 and thus (d) is obtained for j = 1. Step 6.2: For j = 2. Recall that Z 2 = 
Tri(^3), ys = X 3 = (pf^(x 2 ),y 3 = T-f3(l/3), and £3 = ^Pfsixs). It follows from ( |3.14 D, 

(13.231) . (13.51) . and (13.331) that for t E [0, fg], 

dx(pt(v 2 ), Pt(x 3 )) < dx((pt(x 2 ), Pt(z 2 )) + dx(pt(z 2 ), Mm)) + dxiMm), Mya)) 

+ dx(My3),Mx3)) + dx(pt(m),Mx3)) 

< M + dxM+f^(z3),My3)) + M + dxM+fJyi)^Pt+f2M)) + fsl 
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< 9e + ISe^. 


Owing to IT 3 — T 3 I < and [Tg — T 3 I < 22e^, we apply Lemma [277] to obtain (d) for j = 2. 

Step 6.3: For j = 3. The argument is analogous. 

Step 7: The distinction between the partner orbit and the original orbit. We skip it and will prove 
it in the next theorem. □ 

Remark 3.1. (a) Aeeording to Step 3 of the proof, the aetion differenee between the orbit pair satisfies 

< 7(|m 3S3| + |M2S2|)(e"^^ + 

(b) The term in (13.3!) arises from the eoordinate ehanges ( 123 , 53 ) ^ (ms — Mi,S 3 — S 2 ) and 
( 122 , 52 ) —)■ (m 2 — Ml, 52 — 5 i); and it eannot be avoided. <0 


ln(l + 12353) + ln(l + I22S2)) 


3.4 L-encounters 


Let c be a T-periodie orbit involving an L-eneounter (L > 3). Without loss of generality, we assume 
that the eneounter eorresponds to the trivial permutation e = ^ j 2 ^ ) and its orbit loops 

eorrespond to the permutation P\oop = ( 2 3 1 ) ’ ^eeall seetion 13.21 Let P be a permutation 

in Sl sueh that P\oopP is a single eyele. In this subseetion, we will eonstruet the partner orbit given 
by P. We define the sequence {Pfc}fc=o,...,L -3 generated by P as follows. Put Pq := P and for 
/c e {1,..., L — 3}, define P^ : {1, 2,..., L}\{2,..., k + 1} —)■ {1, 2,..., L}\{1,..., A:} reeursively 
by 


PkU) 


Pk-iU) 
Pk-l{k + 1) 


if J,^p,-\{k) 
if j = P,-_\(fc); 


(3.34) 


the respeetive orbit loops Pk,loop '■ {1, 2,. .., L} \ {1,..., /c} {1, 2,..., L} \ {2,..., /c + 1} is 

defined by 

. ^ f 1 if J = ^, 

Pk,\oop{j) = < 

I j + 1 otherwise. 


Then Pk,ioopPk is a permutation of the set {1, 2,..., L} \ {2,..., fc + 1} and is a single eyele. Denote 


Ad(L) - 41(37 ~ 14 + 78(^3 (3.35) 

otL = 6 7“ 468 (— + ■■■ +—^, Pl = 1 + 17(—+ ■ ■ ■ + —^, (3.36) 

and reeall e* from Lemma [Z9l The main result of this paper is the following. 

Theorem 3.2. For e G ]0, assume that the T - periodic orbit c has an (L, j)-encounter with the 

following property: 

(i) there are Xj G c, Xj G Vj.{x), Xj = {uj, Sj)xforj = 1,..., L and some x G X; 
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(ii) \uj — Ui\ > I +e~'^') and |sj — Sj| > ||+ for j 7^ i; here Ti, ... ,Tl > 

0, T = Ti H- \-Tl, ^Tj{xj) = Xj+iforj = 1,..., L - 1 and = xi. 

Then for every P E Sl such that Pioop-P is a single cycle, the orbit c has a Ad^i^e-partner c' given by 
P with period T' satisfying 


r -T 


- ASr 


< uls"^ P KLe‘^{e H-he 


-Tl^ 


(3.37) 


where 


L-2 L-2 

ASl = ln(l + {Uj+i - Uj){sj+i - Si)) + Y + (up^-iij+i) - “j)(5pr\0) “ Sj+i)), 
i=i j=i 


COL = 12f 


1 1 


720 


kl = 118 


1 1 


33 ^ ^ L3 

1 
L 


+ 312^- + ... 

3e ^ 


+ - 156. 


N Tr^Yvj) = 


and T' = T{ + ■ ■ ■ + Tf- 


(3.38) 

(3.39) 


Furthermore, the partner orbit d has an (L, ^)-encounter. More precisely, there are vi,... ,vl E 
c', T(,..., > 0 such that for j = 1,... ,L: 

|^^P0)+i if P{j)^L 
\pi if P{j) = L 

(b) Vj E V3e{x) for Vj = {u'p sl)x satisfying 


Wj-^P{j)\ < OiLS^ + dL^ie H-he ^^), 

\s'j - Sj\ < ais^ + f3Le{e~'^^ H-h e~P); 


(3.40a) 

(3.40b) 


(c) \T^-Tj\ < AT(i)£^- 

(d) dx{(pt{xp(^j)),pt{vj)) < Ad(^L)£ for all tE [O, max{TpQ), 

Proof. LetL > 3 be an integer number. We see that AT(i) = AT(i_i) + || and Ad(^p) = Ad(L-i)+^- 

( 1 2 3 \ 

2 3 ^] satisfies 

the assumption, and Theorem 13.11 proves this case; note that > 76, > 7, > 23, and > 6 . 

Assume that the theorem is correct for L = n — 1 for n > 5, we prove that it is correct for L = n. 

Let c be a periodic orbit with n-encounter illustrated by the trivial permutation and let P E Sn 
be a permutation such that PioopT^ is a single cycle. Suppose that there are x E A, xi, ..., E c, 
Xj = {uj,Sj)x satisfying the assumption. Using Lemma fL6[ write Xj := pfj{xj) E P^{xi) with 
Xj = and 

8 8 8 

\uj - {Uj - Ui)\ < ^ , \sj - {Sj - Si)\<—s^, \fj\<—e'^, (3.41) 

rd 77,3 
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(3.42) 


\ujSj - {Uj - Ui){sj - Si) I < \ujsA < 

Denoting Ti = Ti + f 2 , Tj = Tj — fj + fj+i, for j = 2,. .., n — 1, and Tn = Tn — fn, we obtain 
T = fi + ■ • • + t;, 

(ff. (xj) = Xj+i for j = 1,..., n — 1 and ipf^{xn) = xi = xi. (3.43) 


Furthermore, 


12 


|Ti - Til = |f2| < \Tj - Tj\ for j = 2,... ,n - 1, |T„ - T„| = |fn| < — e^.44) 


n 


n 




Figure [8] below illustrates the idea of the proof. The eneounter of the original orbit eorresponds 
the trivial permutation depieted in (a). In (b), we exehange the ports of the first two stretehes to have 
two shorter periodic orbits ci and C 2 (Step 1 below). The longer one ci has (n — 1)-encounter. We 
construct the partner orbit c( corresponding the permutation Pi for the Ci, expressed in (c) (Step 2). 
Finally, we connect two orbits to have a new partner orbit described in (d) (Step 3). 



Figure 8: Inductive argument to construct partner orbits 

Step I: Reducing the encounter order. Write Xj = Tgj and Xj = Tgj for gj,gj G G,j = 1,... ,n. 
By the above setting, X 2 = ^pfAxi) G V^{xi) with iff (xi) = {u 2 ,S 2 )xi- Note that assumption 

4 n 4 

(ii) and (13.441) guarantee that Ti > 1. Then by the Anosov closing lemma I, there are Ti G M and 

y 2 = Tgic^^br,^ so that ^f^{y 2 ) = y 2 , 

\r]2 - S2\ < ^ + - £e~'^\ \a2\ < 2\u2\e~'^^ < - (3.45) 

n-^ n n 

dx{^t{xi),g)t{y 2 )) < 2\u2\ + \g 2 \ for all t G [0,Ti], 

and 

^^^-ln(l + M2S2) 


< 5|-U2S2|e 


-Ti 
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(3.46) 


Then |Ti — Ti| < ^ implies that 

.. .. _ _ 29 

|Ti - Til < |Ti - Til + |Ti - Til < 

due to (13.441) . Furthermore, using (13.421) . we have 

12 

I ln(l + U 2 S 2 ) - ln(l + (u 2 - Ui)(s 2 - si))| < 3|-U2S2 - (^2 - mi)(s 2 - si)| < 
owing to I ln(l + x) — ln(l + y)\ < 3|a; — y\ for x,y ^ [0,1]; and so, 


Ti-T] 


- - ln(l + {U2 - Ui){s2 - Si)) 


12 , 26 


< — e" + — 


It follows from (13.451) and (13.411) that 


|?72 + Sl| < |^?2 - S 2 I + |S2 - (S2 - Si)| + |S2| < - 


n 


whenee \ri 2 \ < - and eonsequently 


9 


dx{^pt{xi),ipt{y 2 )) < - e for all t e [0,Ti]. 


n 


The orbit of y 2 is depieted by the dotted line C 2 in Figure [8](b). 

Similarly, ifT_f^{x 2 ) = xi = Vg 2 b_s^C-u^ e V'^{x 2 ) with (pT_f^{x 2 ) = (-S 2 , -^ 2 )'^^ 

n 

the Anosov closing lemma II, there are yi = Tg 2 hr^-^Ca^ and T G M so that v?f (l/i) = Vii 


f-{T- Ti) 


< 4|-U2S2|e 


2 ^-A 




and 


Then 


and (13.411) yield 


dx{,^t{,yi),^t{,X 2 )) <‘i\u 2 \ + \Tli\ for all fe[0,T-Ti], 


(Ti < — ee 
n 


-(f2+-+f„) 


, S2 + ■'71 < - ee 

n 


-(f2 + -+T„) 


(Ti < — ee 
n 


-(T2 + -+T„) 


, S 2 + ? 7 i < - ee 
n 


_(r2+-+T„) 


1^11 < |S2 + ^l| + |S2 — (S2 — Si)| + |S2 — Si| < — E] 


n 


so that 


dx{y^t{yi), Tt(^ 2 )) < - e for all f e [0, T - Ti]. 
n 


The orbit of yi is expressed by the solid line ci in Figure [8](b). 


(3.47) 

(3.48) 

(3.49) 

. Applying 

(3.50) 

(3.51) 

(3.52) 


29 


















In order to apply the induetive assumption, it is necessary to verify that the orbit Ci through yi has 
an (n — l)-encounter. Indeed, recall that yi = Tg 2 br^^Ca^ = ~ ^9CuibsiCuj3s2+m^(^i- 

Apply Lemma [231 to write yi = TgCuJ)s^af^ for 


Ml = Ml + M2 + 0-1 + —^ {u2(Ti (s2 + »7i) “ (^2 + <^1)91 ) , 

1 + Pi / 

Si = Si + S2 + Pi + Pl(si + S2 + Pl) + M2 Si(s 2 + Pl)(l + Pi), 
fi = 21 n(l + pi), 


where 


Using (13.511) . we have 


Pi — Cll(si + S2 + Pl) + M2 Si( 1 + cri(s2 + Pi))- 


lpll < 

This implies that 


Ml - M2 

< 

|Mi - (Mi + M2)| + 1^2 - {U2 - Mi)| 



< 

n-^ n 

2 o 

(3.53) 

|si - Si 

< 

— 

Q ^ ; 

n-^ 

16 . 

(3.54) 

lu 

< 


(3.55) 


For j = 3,...,n, define yj := (p_f 2 +T 2 +-T,_i (pi)- Then, using 99r2+-+Ti_i(a:2) = Xj = {uj, Sj)^ and 

Lemma [231 we write 


for 


Vj = rp20.-f2+T2+-+ri_i&^^g-(-?2+T’2+ •+ri_i)C^^g-?2+r2+-+T,_i 

~ rpj6^^g-(-f2+T2 + ---+Tj_l)C^^g-f2+T2 + '--l-T,_l 
= rpC„^.6^^_|_^^g-(-f2+T2+-+T,_i)C^^g-?2+3’2+'+Tj_l 

^9^ujbsj(^fj 


Ml 


— Ml + 


die 


—T2+T2H-l-Ti_i 


1 + Pj 


S 4 — 


Ti = 


Sj + + p.(^Sj + pie"("^"+^"+'"+T-i))^ 

21n(l + Pj); 


here pj = Sja^e '^ 2 +T 2 +-+Ti_i _|_ Recall that |(Ji| < (72 +-+t„)^ ^ ^ ^ 2 _ 

Then |pj| < ^£ 2 g-(Ti+---+T„) imppgs 


Ti 


< , 




fUj Uj\ 


< 


■ ee 


n 


(3.56) 

(3.57) 
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n 


(3.58) 


|Sj 


Together with (13.531) and (13.541) we obtain 

\ui — U 2 \Auj — Uj\ j = 3,...,n, (3.59a) 

n-^ n 

|so — sJ < —e^ + — j = 1, 3,..., n, (3.59b) 

n-^ n 

and as a eonsequenee |sj| < e as well as \uj\ < e, for j = 1, 3,..., n. Therefore, yj := 
if-f. (yj) G (x) with ijj = (uj, Sj)x for j = 1, 3,..., n. In addition, letting 

^2 = -f2 + T 2 + fi - fa, 

tj = Tj + fj - fj+i for j = 3,..., n - 1, 

fn = T-(T2 + f3 + --- + T;_i), 


we have T = f 2 + • ■ ■ + and (yi) = j/ 3 , ^tj (Vj) = Vj+i for j = 3,..., n - 1 and (ijn) = yi- 

This means that the orbit ci has an n — l)-enoounter. 

Next we derive an estimate for |T) — Tj \ that will be helpful. A short ealeulation shows that 


^2 - T 2 = f 2 - fi + fa, (3.60a) 

Tj — Tj = fj+i — fj, for j = 3,..., n — 1, (3.60b) 

Tn-fn = T - fi - fI + fi - fn. (3.60o) 


By (13.411) . (I3.55I) . (I3.56I) . and (13.501) . we have 


25 


19 


Ta - T 2 I < — £ , |T,- - TJ < — £ , j = 3,..., n - 1, and |T„ - T„| < — £ . 








(3.61) 


In summary, 

25 

\Tj — Tj\ < for j = 2,. .. ,n. (3.62) 

Step 2: Applying the inductive assumption. The orbit ci is expressed by the bijeetion P : {1, 3,..., n} 
^ {2, 3,..., n} defined byP =^2 3 ''' ”)’ Figure [8](b). The orbit loops 

of Cl are illustrated by Pioop = Pi,loop = (3 4 i) - -P = -Pi be defined by (13.341) : 


Hj) 


p{j) if 

P(2) if J = p-Hi). 


Then PioopP is a permutation of the set {2,3,..., n} and is a single eyele sinee PioopP is a single 
eyele of the set (1, 2,..., it,}. By the induetive assumption, the orbit ci has a partner orbit c[ whieh is 
illustrated by P; see the solid line in Figure [8](e). We see that the sequenee {Pk}k=o,...,n-4 generated 
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by P satisfies Pk = Pk+i for k = 0,..., n — 4 ; recall the definition of Pk in (13.341) . Let T be the 
period of c'^, then 


T-T 


- 






(3.63) 


where 


n—2 


ASn-i = ln(l + (%-mi)(s 3 - Si)) + ^ln(l + (mj+ 1 -'Uj)(sj+1 - Si)) 


J =3 


n—3 


+ ln(l + (mp( 3) - '«i)(sp-i(2) - S3)) + ^ln(l + ~ “i+i)(®p-\(j+i) “ ^^+2)) 


i =2 


n—2 


ln(l + (m3 - Mi)(s 3 - Si)) + ^ln(l + {uj+i - Uj){sj+i - Si)) 


i =3 


n—2 


+ ln(l + (tip, (3) - Mi)(sp- 1 ( 2 ) - S3)) + ^ln(l + (mp^_i(j+i) - - s^+i)) 

i =3 

and cun-i, Kn-i are defined by (13.381) . Denote 

n—2 n—2 

ASn-i = ln(l + (wj+i - Uj){sj+i - si)) + Y + (“L-i(i+i) “ 

i =2 3=2 


For j, i, m, / e {1, 3,..., n}, using (13.591) . we can show that 

120 


{Uj Uq^iySl Syyi) (rtj Uj^iySl S^)] <C 


■e‘^-\ — 7 -^^—(3.64) 


(n — l)n^ n{n — 1 ) 


Then 


|A^„_l - ASn-l\ < 3 |(m3 - Mi)(s3 - Si) - (m3 - M2)(S3 - Si)| 

+ 3 |(mPi(3) - M 2 )(Sp-i( 2 ) - S 3 ) - (mPi( 3) “ Ml)(Sp-i( 2 ) - Ss)] 


n—2 


+ 3 ^ IK+l - Uj){Sjpi - Si) - (Mj+1 - Uj){Sj+i - Si)I 


i =3 

n—2 


3~ 3 ^ I('»p._^(jpi) '®i+i)l 

1=3 

. X f 120 4 

< 2p-3 -3 --+ 

Vm — 1 n'' 


52 2 720 4 312 2 

,-rr < -^e* + - 

n{n — 1) / n'^ n 


implies 


T-T 


AS-^-i 


< 


T-T 


A^„_i 


+ |A^„_i — AS'„_i| 
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< 


(^Un-1 + + {^n-1 + H-he (3.65) 


due to (13.631) . 

Also by the induetive assumption, the partner orbit c[ has an (n — 1, -eneounter. More pre- 
eisely, there ajie zi, z^,..., Zn e c'^, Zj e V 3e (x) for Zj = (uj, Sj)x and T2 ,..., T„ > 0 sueh that 

n—1 


\Tj Tj\ < AT(„_i)£ , 




^Pi(j)+i if PiU)^ri 
zi if Pi(j)=n, 


(3.66) 

(3.67) 


dx(‘fit(yPi(j)),‘fit(zj)) < Ad(n-i)e forall te[0,max{fp^(j),fp^(j)}], (3.68) 

and 


+/5n-p(e H-he ^"), 

|sj — Sjl < cun—iS^ + /3n—ie(e + ■ ■ • + e ^"). 


(3.69a) 

(3.69b) 


with the eonvention 


f/2 = Vi as well as U 2 = Ui- 


(3.70) 


Reeall that f2 = —2 ln(l — si(m 2 — wi)), = 2 ln(l + pj). Furthermore, aeeording to the proof of the 

Anosov elosing lemma II, T — Ti —Ti = 2 ln(l + (s + 771)122)• Whenee, it follows from (13.601) that 


gT2-T2 ^ (^I_s^(^^i2-Mi))"^(l+Pi)"^(l+P3)^ 

e^^ = {1 + Pjpi)‘^{l + Pj) j = 3,..., n — 1, 

^ (^1 + + 771 ) 122)^(1 + Pi)^(l+Pn)"^. 


Then 

22 

gT 2 -r 2 ^ ('x + 4|5^(^i2-Mi)|)(l + 4|p3-pi|) < 1 + — 

Similarly, we obtain 

£+-+ < 1 _|_ J_ ^2 j = 3 ^... ^ 77 , — 1 and < 1 + ^ 

77,2 77,2 

Therefore, it follows from (13.691) that 

1% - “Pi(7)l < + (jdn-i + H-h e"'^") 

l'®i ~ ^ Oin-iS^ + "^^ + • • • + e '^"); 

note that f. Together with (13.591) . this shows that 

y 2 8 \ ^ 9 \ 

|l2j — “f yl3n-i + + • • • + e '^"), (3.71a) 
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(3.71b) 


1 % ~ Sj\ < ^^ + • • • + e 

Step 3: Construction of the partner d and proof of (13.371) . We use the eonnecting lemma to 
‘eonnect’ the orbit c[ and the orbit of 2/2 = T h 2 to obtain the new partner orbit d. To do this, we need 
to verify that the stretch P“^(l)-th contains a point (called zp-i(i)) that lies on the Poincare section 
of 1 / 2 . Recall that Tgi = TgCuj^bg^ and Th 2 = Tgic^^b^^^. Applying Lemma [231 we can write 


^ r5'iC(72^»72 (^—0-2^— si*^— 

and a short estimate shows that 




= Th2Cu 1, , 6 s 1, ,af 1. , 

^ “p-l(l) '>p-l(l) T^p-l(l) 


44 


|'rp-i(i)| < 4 |pp-i(i)| < — £ 


|mp-1(i) - (-Ml +Mp-I(l))| < 

I- / M 100 3 

|sp-i(i) - (-^2 - Si + Sp-I(i))| < ■ 


ee 


-Ti 


(3.72) 

(3.73) 

(3.74) 


So that |sp-i(i)| < |tip-i(i)| < as well as 

Now we can apply the connecting lemma (Lemma 1231) to connect the P“^(l)-th entrance port of c[ 
and the 1st exit port of the orbit C 2 through 1 / 2 ; see the red thick lines in Figure [ 8 ](c) & (d). There are 

T' e M, Wp-i(i) = e Vi^{y2) so that Pt'{wp-i^i)) = wp-i(i), 


r - (fi + f) 


ln(l + Mp-i(i)Sp-i(i)) 




< 


92 


30 


e^(e + e '^^), 


dxMwp-in)),Pt{y 2 )) < —e forall fe[ 0 ,fi], 

n 

30 

forall f e [ 0 ,T], 


and 


Ip - sp-i(i)| < 


1 OUT q 

< — 

cr 




10 


n 




(3.75) 

(3.76) 

(3.77) 

(3.78) 


The partner orbit given by the permutation P is illustrated in Figure [8](d). Now we prove (13.371) . First, 
we have 


Sp-i(i) — (sp-i(i) — 52)1 

< |sp-i(l) — (—P2 — Si + Sp-I(i))| + |sp-i(i) — Sp-I(i)| + |s 2 — P2I + I(s 2 — Si) — §2 


34 













< 


(ttn-l + + (-^n-1 + ^-^ e 


due to (13.741) . (I3.71bl) . (13.451) . and (13.411) : 

l'^P-l(l) “ i'^P{2) ~ '*^l)l ^ l'Wp-l(l) ~ {—Ul + 'Wp-l(l))| + l'Wp-l(l) ~ Up(^2)\ 


< 


Gn-l + 


100 \ 


m 


-) 


e^ + 


n-i H— )^(e + 


+ e 


-T, 


using (13.7lal) . (13.731) and noting that Pi(P ^(1)) = P(2). This yields 

I ln(l +Mp-i(i)Sp-i(i)) -ln(l + (mp( 2) -Mi)(sp-I(i) - S2))| 

21 a 


< 


^4 I 21/3)2 2/ —Ti 


■P + 


n 


n 


e\e-^^ + --- + e 


-T„ 


note that a^-i + 


140 


< a, 


and /3n-i + - < (3n- Together with (13.751) . we obtain 


(3.79) 


(3.80) 


r - (fi + f) 


- ln(l + (mp( 2) - Ml)(sp-i(i) - S2)) 


2iPn , 92\ 


< 


21a 


n 4 


+ 


n 


n 


n‘ 


+ — je (e ^13 -he 


2a-Ti 


-r„ 


(3.81) 


Now we are in a position to derive the aetion differenee between c and d. Note that 

AS'n = ASn-i + ln(l + (m 2 — Mi)(s 2 — Si)) + ln(l + (mp( 2 ) — Mi)(sp-i(i) — S 2 )). 
By (I3.47L (I3.50L (13.651) . and (I3.81L the aetion differenee between c and c' satisfies 


r -T 


-ASr, 


< 


Ti-Ti 


-In(l + (M2-Mi)(s2-Si)) 


+ 


(T-Ti) 


T-T 


- 


+ 


r - (fi + f) 


- ln(l + (mp( 2) - Ml)(sp-I(i) - S2)) 


< + Kn£^(e +-he ^"■); 

note that by (13.381) . we have 


12 720 21a„ , 118 312 21/3„ 

— ^n -1 H- 7 H-5“ H-^nd Kn — K-n-l H-^ H-1“ 


.1 „ I - ■“n—i I n 

n-^ n n n 

Step 4: Definition of Vj, Tj and proof of (a). It has not been suffieient yet to prove that H\ < 
-e and 141 < We will do it after verifying (d). For simplieity, let us write Vj G V^{x) 

n j 71 ^ 

if we derive vj = TgCu'.bg'. for some Mj,s'- G M. In what follows we often use the faet that 

|cTi| < < fe, |r/2| < ^ 2 ! < ^ee-'^\\p\ < |si+r/2| < |fip-i(i)| < 

fe, |sp-i(i)| < ^e. 

Step 4.Definition of vp-i(^iy Reeall tep-i(i) = rh 2 C- ^ and r /12 = ^giCa 2 bri 2 - Then 

applying Lemma [231 we ean write 

'iep-l(l) = ^5'lC<T2^»?2Cj2^_i^^^e-^l+cr4 ~ ^ 9 {Cuibsj^C^2brj2^Up-i^^-^e-A+a^v) 
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= r gc,/ bj a^' 

^ p-i(i) p-i(i) p-i(i) 


and a short calculation shows 


T r>—l( 


hi) 


< 


(3.82) 




< 

15 _p 
— ee L 

(3.83) 


n 

r 


< 

5 3 

— £ 

(3.84) 


|sp-i(i) -{si + r]2 + V 

Together with (13.781) . (13.741) . and (I3.71bl) . we obtain 

kp-i(l) - Sp-i(l)| < |Sp-i(l) - (Sl +h2 +h)l + Ih - SP-1(1)I 

+ |sp-i(l) — (—'72 — 5l + Sp-I(i))| + |sp-i(i) — Sp-I(i)| 

< (an-i + + (Pn-1 + H-h 


Define 


/ \ n 

.,-Ti , , „-T, 




pp-i(i) = 


(3.85) 

(3.86) 


Then Pp-i(i) G V^{x) and Pp-i(i) = (wp-i/^^N, Sp.i^Ja; satisfy (13.401) for j = P ^(1), due to (13.831) 
and (13.851) . 

Step 4.2: Definition ofv 2 . Denoting W 2 = 9 ?j.^(tep-i(i)) and reealling that 1/2 = Th 2 is Ti-periodie, 
we apply Lemma [231 to write 


Analogously, we obtain 


I /, 52 2 

, / / M 39 o 10 _p, 

1^2 —(51+72)1 < -^e - ee 


(3.87) 


n-^ n 


Therefore it follows from (13.451) and (13.411) that 


77 17 

14 - S2I < |S2 - (si +72)1 + I72 - 52I + |S2 - (S2 - Si)| < ^4 H- ee~'^\ 


n 


whieh shows that 4 satisfies (I3.40bl) for j = 2. Furthermore, |4 — (mi + 'Up-i(i))| < ^ + f 

yields 


14 — ■wp(2)| < 14 ~ ( 1^1 + i^P-hi))! + I'^^r’-hi) ~ ~ '*^ 1)1 
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< {an -1 + (e H-he 

< Q!ne^ + ^^ + • • • + e ^"); 

recall (13.801) . Hence u '2 satisfies (I3.40al) for j = 2. Defining 


V2 := 9?-r'(w2) = 

we have shown that V 2 G V^{x) and V 2 = (m 2 )'S 2 ) satisfies (13.401) . Step 4.3: Definition ofvj with 

n - 

j 7 ^ j 7 ^ 2. Since Q = Pi,ioopA is a single-cycle-permutation of the set {1,3,..., n}, we 

may write 


Q = Fi,ioopPi = (a, g(a), Q\a ),..., Q”-2(a)), 


where a = P ^(1). For every j E {1,. .., n} \ {P ^(1), 2}, there is k E {1, ..., n — 2} such that 
j = Q^{a). Write Zj = Thj for hj E G and put 

Tk ■= TpiQ°{a) + TpiQ{a) +-h fp^qk-n^^y (3.88) 


Note that since (13.671) . we have Zj = ZQk(^a) = Then using 

Vhj = Tgcufisj and Lemma [231 we write 


Wj — r/ip— ICl'i Qirpa b _ _fa c fab _fa — T'hj b 

^ ^ -^k —Sp—i^^-^e k ae k rje k J 


_ rpO, (2- pCL _ pO 

—k ae k rje k 


— r QCq) ■ b _ ^'j'CL c fi'CL b — r QC-ii^ b gf Qi-j-f 

^ Sj—Sp-i^-^s^e k ae k rje k j j j 


and we have 


I /, 1 2 I / 30 

|rJ<—£, |m,. 




ee 


n 


T |s'. _s |< £3_ 

-' 77,3 


(3.89) 


Therefore, using (13.711) . we obtain 





< \u'j — Uj \ -f \uj — Up(^j'j\ 

< (an-1 -h -h — ee~^^ + (fin-i + -)e(e"'^= H-e"^") 

V / n V n/ 

< T -|- . . . -j- g ^") 

< IS j — 'Sj I ~h IS j — S j I 

= [an-i -h -h (fin-i + H-e"^") 

< dnS^ -h finS^e -h • • • -h e '^”). 


Define 

Vj = (P-r'{uJj) = ^gCu'bs'. 

to obtain Vj E V^{x) \ and (13.90!) and (13.90!) show that Vj = (m' , s'^ satisfies (!3.40l) . 

n J J 
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Step 4.4: Definition ofT[, ■ ■ ■ ,T^ and proof of (a). The definition of Wi,... ,Wn together with (13.671) 

(3.90) 


lead to 




f^P(i)+i if P{j)7^ri 

\wi if P{j) = n 

and T' = Ti + • • • + T„. Reeall vj = p^r'. ^nd define 

T’= I ^ ~ ^ 

\r'p-i^p+fj-T[ if j=n. 

Then T' = T[ + ■ ■ ■ + T'^ and 

/ N \^P{3)+1 if Pij)7^n 

Pt' . (Vi) = S 

\vi if P{j) = n. 

Step 5: Proof of (c). Reeall from (13.821) . (13.871) . and (13.891) that 

52 








Case 1 : j = 1. We have 


82 


\T[ ~ Ti\ ^ \T[ — Ti \ + \Ti — Ti\ ^ l'rp-i(i)l + l'^2l P iTi ~ Ti\ ^ ~ ^ < ^T{n) 


( 1)1 

due to (13.931) and (13.461) . Case 2: ?' f 1. The observation 

53 




|T' -Tj\ < —e^ for all j = 1,..., n 


yields 


78 


\Tj -Tj\ < \Tj -Tj\ + \Tj -Pj\ + \Pj -Pj\ < ^T{n-i) + - ^P{n) 




by (IT661) and (1X621) . 


(3.91) 


(3.92) 


^P-i(i)l < — 1^2! < — Ix'l < — fo^ 7 ^ 2, j ^ P ^(1). (3.93) 


Step 6: Proof of (d). Note that |T' — T) |, |T' — Tf < ^T{n)S^ < 78e^. Due to Lemma [XT! it 


remains to show that 


40 


dx{^t{vj), pt{xp(j))) < —e + Ad(„_i)£ for all t e [0, min{Tp(j), Tp(j)}]. 

Here the argument is similar to Step 6 in the proof of the case L = 3. We first review some results 
that will be helpful. Firstly, recall that X 2 = (pf 2 {x 2 ) and yj = (p_r 2 pT 2 +-+Tj.iiyi), j = 3,... ,? 7 ,. 
Then it follows from (13.521) and 1721 < that 


9 8 

dx{(pt{yi),^t{x 2 )) <-e +—e^ for all fG[0,T2] 


n 


(3.94) 
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and 


dx{(pt{yj),y:>t{xj)) < for all t e [0,Tj -hT„], (3.95) 

for j = 3,... ,77,. Secondly, due to W 2 = and wj = (pfa{w 2 ) for j 7^ P~^{l),j ^ 2, 

where is defined by (13.881) . we have 


dx{^t{Wj),(pt{Zj)) — dx{<P^_^_fa{W 2 ),^^_^_fa{Zp-l(^l'J)) 

^ dxi^t+f^i'^'i) ^ V^t+fj^i^p~^w)) + dx{^tpfa{zp-l(l)) , (p^_^_fa{zp-l(^l))) 

30 31 

< — e+ |fp-i(i)| < —£ for all f e [0,Tp(,-)], 
n n 

using (13.671 ) and (I3.77D ; recall fp-i(i) =^cp-f^_,^^^{zp-i^i)). 

Step 6.1: j = P“^(l). Fort e [0, min{Ti, Ti}], 


c^x(</ 3 t('yp-i(i)), < dxi^t{vp-i(l)), iftiwp-i^i))) + dxi^Ptiwp-i^i)), (Pt{y2)) + dxi^t{y2), 


< Tp- 


30 


39 


p-H 


H- £ -\ -£ < — £ H-7 £ , 


n 


due to (13.821) . (13.761) . and (13.491) . Since |Ti — Ti| < we obtain 


n n 
21 ^2 




dx{'^t{vp-i(^i\),ipt{xi)) < —£H—7 + \/2 • — <—£ for all tG[0,Ti]. 

n n 

Step 6.2: j = 2. Recall that Ir^l < f|£^ |rp-i(i)| < ^£‘^,\fp( 2 )\ < ^£^- Case 1: P(2) 7^ 2. For 
t e [0, min{Tp(2), Tp(2)}], we have 


dx{^t(,V2),(pt{,Xp(2))) 

< dxMv2), Vt{w2)) + dxMw2), V 3 t(^p-i(i))) + dxMzp-i^i)), ipt{zp-i^i))) 

+ dxMzp-i(i)),(pt{yp{2))) + dx{(pt{yp(2)),^t{yp{2))) + dx{(pt{yp{2)),Mxp(2))) 

^ + l'^^^(2)l + c?x(9^i+pj(w^p-i(i)),</^t(^p-i(i))) 

+ C?x(‘ 75 i(^P-l(l)), ^t{yp(2))) + dx{^t{yp(2)), ^t{xp(^2))) 

97 2 30 ^ , 9 40 

< —- £ H- £ + /\din—i)£ H-£■ < - £ + /\d(n—l)£, 

n n n 

using (13.771) . (13.681) . and (13.951) . Case 2: P(2) = 2. Analogously to Case 1, by replacing yp{ 2 ),yp{ 2 ), 
and fp( 2 ) by yi,yi, and fi, respectively, and using (13.941) . we obtain 

113 39 40 

dx{y^t{v2), y^{xp(2))) < + — e + A(i(„_i)£ < — £ + A(7(„_i)£, (3.96) 

recalling |fi| < ^£^ from (13.551) . Step 6.3: j 7 ^ P“^(l),j 7 ^ 2. Case 1: P(?) 7 ^ 2. Fort G 
[0, min{Tp(j), Tp(j)}], using (13.961) . (13.681) . and (13.951) . we obtain 


dx{.^t{vj), ipt{xpi^j))) < dx{,(pt{vj), iptiwj)) + dx{^t{wj), </?*(%)) + dxMzj), 


39 




































+ dx{^t{ypiij)),^t{ypiij))) + dx{^t{ypiij)),^t{xp^(j))) 

< \'^j\ + \^P{j)\ +—^ +^d(^n-i)£+-£ 

40 

< -£ + 

n 

note that Irjl < by (13.931) and \ fj\ < by (13.551) and (13.561) . Case 2: P{j) = 2. Here the 
argument is similar to Case 2 in Step 6.2. 

Step 7: We prove that |m' | < |s' | < ^e. By Step 5, it has been shown that 

dx{^t{vj),pt{xp(^j))) < for all t e [0, max{Tp(j), Tp(^)}] (3.97) 

for j = 1,..., n; where = ^(p) is from Theorem 12. II with respeet to p = 1 and e* is from Lemma 
Then e* < ^0 implies that \u', — Upu\\ < e < - e as well as \u’A < -e. Furthermore, reeall 
(13.921) and ipT^ixi) = X 2 , pt 2 {x 2 ) = X 3 ,, PtAxu) = xi. It follows from (13.971) that 


dx{(pt{vp(j)+i), pt{xp(j)+i)) < £0 for all f e [ - max{Tp(j), O] 

for j = 1,... ,n with the eonvention P(j) + 1 = 1 if P(j) = n. This means that 
dx{y^t{vj), V^t{xj)) < So for all t e [- max{Tj_i, O]. 
Then by Theorem [2Tl |s'- — Sj\ < |s'sj||M'- — Uj \ + leads to 


\^j\ < 



Sj 

+ e 

1 - 


Sj 

\Uj Uj\ 


e I be 
n ' Sn 


9 8 3 

< 2i;_ < - ■ — p = —p 

1 — - ■ — 8 3n n 


Step 8 : The distinction between c and c'. Reeall from Step 7 that 


\u'j - MpQ-)| < e ^^ 0 ) 


(3.98) 


and 




< 


I s'Si I 


Uj - Uj 


+ e-^^- 


< 


L2 


■e + e = 


12 

Z3 


+ e 


(3.99) 


for j = 1,..., L. By assumption and what we have shown, c and c' eross the Poineare seetion of x at 
Xj = {uj, Sj)x and Vj = {u'^, s' j) x, j = 1, ..., L, respeetively. If c and d do eoineide, then they will 
have the same interseetions with the Poineare seetion at x. For any i, j G Nl := {1, ..., L} given, 
we prove that Vj 7 ^ x,. Case 1: P(j) ^ i. Then by eondition (ii) and (13.981) it follows that 

6 

\u'j-Ui\ > \ui- Mp(j)| - |mp(j) - m'-I > - (e"^^ 0 ) + 

1 Q '~p 

= - > 0 
5 5 


40 


























and hence m' 7 ^ Ui as well as Vj 7 ^ x*. Case 2: P{j) = i ^ j. We prove that s' 7 ^ s*. Indeed, due to 
condition (ii) and (13.991) . we have 

|s' - s,| > |s,- - Sp(,-)| -\sj-s'^\>‘^e^ + 

12 o j, 

= > 0 

so that s' 7^ Sj as well as 7^ x,. Case 3: P(j) = i = j. For a contradiction, we suppose that 
Vj = Xj. Then the orbits c and c' do agree and they have the same intersections with Pe(x). Denote 
by Fp the set of fixed points of P. For any k G Fp, we show that Vk = x^. Indeed, suppose that 
Vko 7^ ^ko for some G Fp. This implies that Vk^ = Xjg for some io 7^ ^o- Then P(fco) = k^ 7^ io 
which contradicts Case 1. Therefore Vk = Xk for all k G Fp. Since P is not the identity permutation, 
there is /cq G Nl so that P(/co) 7^ ko. By above, Vk^ = xi^ for some /q £ Nl, -P(^o) 7^ ^o- If P{ko) 7^ /q 
we have a contradiction to Case 1. If P(/co) = ^0 then we have a contradiction to Case 2. Therefore 
Xj 7 ^ Xj as was to be shown. □ 


Remark 3.2. In order to show that c has (L — 1)! — 1 partners, we have to make sure the partner orbits 
are pairwise distinct. Let be a permutation in S'l such that PioopQ is a single cycle and Q ^ P. 
By Theorem 13. 2[ the orbit c has a partner orbit c" 7 ^ c which is described by the permutation Q. 
Furthermore, there are L points txi,..., in c" such that Wj G Ve (x) with Wj = {u'j, s'j)x satisfying 

\u” - UQ^j )I < e-'^«0), \s”j- Sj\<^e^ F e-P-^ (3.100) 

for all j = 1,..., L with the convention Tj_i = Tp for j = 1. Then c" is different from c. Now we 
prove that c' and c" do not coincide. Fixing i, j G Np, we show that Wj 7 ^ vp Case 1: Q{j) 7 ^ P(i). 
Then due to condition (ii), (13.981) . and (13.1001) we have 


\Uj-u'i\ > \uQ(j) - Up(^i)\ - \u'j - uqq)\- \Ui - Up(i)\ 

> - > 0 ; 

5 

hence u" 7 ^ u[ and as a consequence Wj 7 ^ Xj. Case 2: Q{j) = P{i) and j ^ i. Then 


> 

\sj — Si\ — \s'- — 5^ — 5 ' — 

1 

> 

24 Q '~n 

("12 3 




0 


implies that s" 7 ^ Si and thus Wj 7 ^ x*. Case 3: Q{j) = P{i) and j = i. For a contradiction, suppose 
that Wj = Vp Then the orbits c' and c" do agree, so that they have the same intersections with Pe(x). 
Denote by / the subset of consisting of k so that Q{k) = P{k). Note that / may be empty but 
I ^ Np since 7 ^ P. If / 7 ^ 0 then Wk = Vk for all A; G / since otherwise Wk^ = x/^ for some 
ko E I and Iq ^ I implies Q{lo) 7 ^ P{ko) which contradicts Case 1. Fix k, k' E Np \ I such that 
Wk = Vk'- According to Case 1, we have Q{k) = P{k'). This implies that k ^ k' since k, k' 7 ^ /. 
Then a contradiction to Case 2 is obtained, and therefore Wj 7 ^ Xj. <C> 
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Remark 3.3. (a) If P{j) = j for some j G {1,..., L} then we eount the L-eneounter as an (L — 1)- 
eneounter, and the error in the estimate of aetion difference would be better. 

(b) For the case L = 3, since the given orbit has a unique partner orbit, condition (ii) in Theorem l3.ll 

can be reduced to I Ml—M 2 I > , \ui — us\ > and |si — S 3 I > + Due to Theorem ITTI 

Condition (ii) in Theorem 13.21 makes sure that any two encounter stretches are not too close for the 
whole time before intersecting the Poincare section again, i.e., they do not simultaneously approach a 
shorter periodic orbit. In other words, the stretches are separated by non-vanishing loops (also called 
intervening loops or the stretches do not overlap), also needed in physics literatures, see ifTSlfT^ . 

(c) If a periodic orbit has several encounters, for example one L-encounter and one A^-encounter, 

L,N > 3, the partner orbits can be constructed as the following. We apply Theorem 13.21 for the 
L-encounter to have a new periodic orbit. This orbit has a iV-encounter whose entrance ports and exit 
ports are like the ones of the original orbit. Then we can apply Theorem 13.21 for this encounter and 
we will obtain the corresponding partner for the original one. <) 
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